Based on message-passing techniques, a novel iterative grid algorithm for the general two-dimensional (2D) digital least metric (DLM) problem is proposed and applied to image halftoning. The algorithm attempts to achieve a globally optimal solution via a local-metric computation and message passing as opposed to other 2D iterative globalmetric optimizations such as simulated annealing and toggle/swap scheme. A reduced-complexity version of the proposed digital image halftoning technique is demonstrated. Results show that the quality of the halftone images is comparable to that of the state-of-the-art toggle/swap algorithm. Since the algorithm is not constrained by the specific metric used in this work, the proposed method is directly applicable to other digital image processing tasks (e.g., optimal near-lossless coding or entropy-constrained halftoning). An expanded set of results from this work can be viewed at
INTRODUCTION
General two-dimensional (2D) digital least-metric (DLM) problems [3] can be found in a broad range of applications in digital imaging (e.g., processing, compression, and generation), page-oriented memories (POM), and concatenated systems in digital communications. However, unlike in their ID counterparts, there are no efficient approaches to conduct an exhaustive search for 2D DLM problems. Common approaches to tackle the 2D DLM problems include the application of 1D DLM algorithms (e.g., Viterbi algorithm (VA), ML algorithm, etc.) or 2D heuristic optimizations based on a global metric (e.g., simulated annealing, toggle/swap algorithm). Recently, after the decoding algorithm of turbo codes was introduced, iterative message-passing algorithms have proven to be a powerful tool for many DLM problems in the communications literature [?, SI. Such algorithms utilize a local message computation and propagation in order to reach near optimal solutions after several iterations. These message-passing approaches are variously known as belief propagation [IO] , generalized distributive law (GDL) [ I ] and sum-product algorithms (in the factor graph research area [SI.)
In this paper we apply message-passing techniques to the 2D DLM problem arising in image halftoning, a process that creates an illusion of a continuous-tone image with a black-and-white image. Numerous authors have proposed to address this problem as a 2D DLM problem and have proposed solutions based on algorithms such as simulated annealing [4] , neural networks (41, the Viterbi algorithm [8] , multipath tree-coding [ 131, and the togglekwap algorithms [6, 7, 91. In [3] , the iterative message passing algorithm is introduced to the halftoning problem with the row/column processing. However, the algorithm presented here achieves better performance with less complexity than the algorithm in [3] . The first novelty in our work is the introduction of a loopy graphical model, which we call the grid model, that enables the application of an iterative message-passing technique to the 2D DLM problem. We also introduce reducedcomplexity techniques that prove useful for the digital image halftoning problem but could be used in other scenarios as well. The results show that the halftone image quality we achieve is comparable to that of the state-of-the-art toggle/swap scheme. Note that while our results are for a halftoning problem, the general framework we propose to solve the 2D DLM problem can be applied to other problems in digital imaging (e.g., optimal near-lossless compression [3] or entropy-constrained optimal halftoning [ 121) with appropriate changes (e.g., proper metric definition).
In the next section, the iterative message-passing algorithm for 2D DLM is described. The reduced complexity method for digital image halftoning is proposed in Section 3. Section 4 illustrates the results and provides a discussion of the algorithm.
GRID ALGORITHM
The 2D DLM problem [3] where B = {bi,j}t;>,, is a candidate image, z,j is the value of this candidate im.age in the neighborhood of ( i , j ) , and zi,j is the observation at location ( , i , j ) . Particularly, 2 i . j is the (filtered) original gray-scale intensity at location ( i , j j in the halftoning problem and i i , j is the received intensity at location ( i , j ) for the image deblurring problem. (2) is a well-known problem in engineering and computer science (e.g., see [ I , 2,5] and references therein). Algorithms based on the notion of message-passing on graphical models may provide efficient solution.3 to this problem. Specifically, if the underlying graphical fisrmulation is cycle-free, messagepassing algorithms provide the desired solution. Recently, however, it has been widely appreciated that message-passing algorithms can be very effective in practice even when the underlying graphical model contains cycles (i.e., when there is no theoretical assurance of optimality). In the following we describe briefly the operation of a message passing algorithm based on a novel graphical model for the 2D DLM problem in (2) . The underlying principles used to define the standard messages and update rules have been described from a variety of perspectives and the reader is referred to the following for details: [ I , 2,5, lo].
The underlying graphical model used is the grid model shown in Fig. l(a) . The two types of nodes represent the image variables bi,j and the local configurations Ti,j, respectively. The edges connecting the configuration nodes represent the "overlap" (or mui~ual information) between the configurations that they connect. Applying the standard message passing technique, there is a processing node corresponding to each configuration node in Fig. l(a) . The role of this node is to accept some messages from the other (directly connected) processing nodes, and to return a similar message to each of those: nodes. These messages represent some measure of the quality of each of the possible configurations of the edge variables. By repeated activation of 
Note that each of the conditional variables on the right-hand side of (3) are determined uniquely by the configuration Ti,j considered. This message combining or fusing process is illustrated in Fig. l(b) . The messages returned in each direction are obtained by minimizing over consistent configurations and subtracting the corresponding input message. For example, the message sent out to the right is (4) where the minimization is conducted for all local configurations Ti,j corresponding to the edge variable Ri,j. This marginalization processing is shown in Fig. l(c) . The messages sent out in other directions are defined analogously.
An algorithm for the 2D DLM problem is then obtained by specifying a schedule for activating the node processors and a stopping condition. After stopping the algorithm, the value of the halftone image at location ( i , j ) is selected to be the minimizer of the quantity MO[bij] + MI[bi,j].
REDUCED-COMPLEXITY GRID ALGORITHM FOR DIGITAL IMAGE HALFTONING
In this paper, we consider the least-squares optimization corresponding to a halftoning problem, defined as Define a node activation as a operation of message updating (i.e., (3) and (4)), thresholding for bit decision (9), and decision feedback (8) . Then, the reduced-complexity algorithm is conducted by running a sequence of node activations as follows. For each iteration, nodes z,j are activated row-wise left-to-right and right-to-left from top-tobottom, and then column-wise top-to-bottom and bottomto-top from left-to-right. This will be run iteratively until a stopping condition is reached. 
RESULTS AND DISCUSSION
To test the reduced-complexity algorithm in Section 3, the 512 x 512 gray-level Lenna image was used as a test image.
The filters h i , j and are Gaussian with U = 1.5 (truncated to 9 x 9) and = 0.9 (truncated to 5 x 5), respectively.
The initial binary image is randomly generated and all messages are initiated with zero metric. Fig. 2 shows a result of this algorithm at the 10th iteration and Table 1 provides a comparison in terms square-error cost metrics among various techniques. It was found that these metrics can roughly characterize the subjective quality of the halftone images. Using the same metric, the image from a togglekwap technique (after 19 iterations) is shown in Fig. 3 . As a result, the image quality from the proposed technique is comparable to that of the toggle/swap technique (used in 2D LSMB [9] and DBS [6, 71) which is regarded as a very high-quality halftoning process.
In the comparison with the toggle/swap scheme, the specific DBS approach we simulated is that in [7] , which, to the best of our knowledge, is the highest performance one to date. When comparing the relative complexities of the grid technique and the DBS approach we implemented both without filter-or image-dependent optimizations. Thus we do not use any initialization in either technique and we do not explore potential complexity reductions that may arise from symmetries in the values of the filter coefficients. In fact, for the DBS approach, this is called the original version in [7] . Under these conditions the complexity of the two approaches is comparable, with the grid technique being generally faster than togglekwap and about the same speed as toggle-only schemes. Note that this complexity does not include the complexity of the table initialization for both techniques. In [7] , a number of techniques have been introduced to acct:lerate the DBS operation. Most of these techniques (e.g., choosing a good initial image before the start of the iteration) can be used within our framework as well so that we expect our algorithm, once filter-and image-dependent optimizations have been incorporated, to operate at least at a comparable speed. In addition, other techniques can be used to reduce complexity of the grid algorithm. In fact, it is straightforward to show that the error diffusion [ 113 and ID LSMB [8] can be derived from this grid algorithm but with the recursive and 1D eye filters, respectively. Finally, it is worth noting that the algorithm introduced herein is applicable to general 2D DLM problems with essentiailly the same complexity regardless of the metric being used. Techniques such as togglelswap, however, are designed to exploit special properties of additive quadratic metrics. If alternative metrics were required (e.g., to produce an opl.imal halftone under an entropy constraint) the complexity of the algorithm would increase substantially. The application of the grid algorithm to other 2D DLM problems, such as optimal near-lossless compression and entropy-constrained optimal halftoning, is an interesting area for future research.
